Reliability of Partially Prestressed Beams at Serviceability Limit States
C onventional design methods require that a structure be designed so that its predicted capacity is larger than the specified design loads. In this approach (called Level I Design) it is assumed that all variables and factors are deterministic and their values exactly known. It is generally accepted, however, that the basic variables used in the prediction equations such as materials properties, section geometry, and the like are random variables and thus are characterized by a probability distribution function.
The concepts of reliability theory are being increasingly applied in structural engineering not only to assess the probability of survival of a structure but also to determine rational values of load and resistance factors prescribed by various building codes. 119 Two design methods have been so far proposed to account for the probabilistic nature of the variables at hand. One of them requires the knowledge of the entire distributions of resistance and loads (Level III approach) and is, therefore, quite complex and tedious to apply; the other one (Level II), called the first order second moment (FOSM) method, has been proven to apply with little difficulty to any type of structural member.s,s,io, 11,14.15.16.18 The Level II approach requires the knowledge of only the mean and variance of the distributions of the resistance and load, and it has been shown to lead to results not significantly different from the more exact Level III approach. In the FOSM method a safety index or reliability index, 6i, is needed as an input variable specified by the code authority.
Although in a number of previous studies the reliability index /3 has been obtained for concrete or steel structures at the ultimate limit state, 7' 9' 13, 17,i 8 ,2o little has been done to evaluate /f3 at serviceability limit states. In this investigation the reliability index /3 of partially prestressed concrete beams at six serviceability limit states is evaluated. The reliability index a is directly related to the probability of failure or unserviceability where failure does not necessarily refer to collapse but to violation of any code specified limit; hence it implies abnormal levels of maintenance and repair during service life.
The six states considered are: maximum crack width, short-and long-term deflection and fatigue stress ranges in the concrete, the reinforcing steel and the prestressing steel. In order to provide a basis of comparison, 3 was also partly evaluated at the ultimate flexural strength limit state where it is related to the probability of failure or collapse.
In order to determine the /3 values for typical design situations, the method called Code Calibration 12,21 is used. Resistance prediction equations at each serviceability limit state are developed in terms of moments. A Monte Carlo simulation model is used to compute the statistical properties of the resistance at each limit state. The statistical properties of the load are collected from available literature22 -29 and used in the evaluation of the reliability index.
The effects of many parameters on the observed values of the reliability index a are analyzed. They include the effect of various types of beam cross sections (representative of those used in the American precast prestressed industry), span length, magnitude of live loads, amount of non-prestressed reinforcement and some important materials properties such as concrete compressive strength. A systematic comparison with the boundary cases of fully reinforced or fully prestressed beams is also presented. A summary of the method used and results obtained is given next. Detailed information can be found in Ref. 30 .
Determination of Reliability Index
In classical reliability theory the total load (S) and the resistance (R) are considered random variables; thus they can be characterized by their probability distribution functions. Assuming S and R are dimensionally consistent, the failure event is described by the relation:
A new random variable m termed safety margin or reliability margin can be defined [see Thus, failure is associated with m < 0 or and survival is associated with m > 0. The mean value of m and its standard ! -Rim = 0
deviation can be derived from those of R and S as follows:The above equation at equality combined with Eqs. (4) and (5) can be used Mm = AR -µs (4) to determine /3:
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In order to maintain a prescribed The coefficient /3 is called the "reliavalue of the probability of survival (or bility index" or safety index. It is the reliability), that is m _-0, it may be re-distance from the mean of the probquired that the mean value of m be ability distribution function of n to the larger than or equal to a coefficient /6 origin in standard deviation units [see times its standard deviation, that is: Fig. 1 (bottom) ].
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*Note: 1 in. = 25.4 mm; 1 ksi = 6.9 MPa.
attainment of an ultimate limit state) but may also imply unserviceability or violation of a serviceability limit state such as a maximum deflection limitation or a maximum crack width limitation. The serviceability limit states considered in this study are described in the next section. The following steps were followed to evaluate the reliability index /3 of reinforced, prestressed and partially prestressed beams at each serviceability limit state:
1. The resistance prediction equations of the partially prestressed concrete member at any serviceability limit state are derived so that the resistance has the same unit as the applied loads (i.e., moment as a function of crack width or deflection limit). The method and equations developed in Ref. 31 were used. The resistance at each limit state is expressed in terms of basic variables and allowable maximum limitation at that limit state.
2. Statistical data on the variables used in the equations developed in
Step 1 are collected. The statistical properties (p., v) of these variables are defined.
3. The value of each limitation for each limit state is selected from current codes or recommended practices, e.g., the allowable maximum crack width is taken as 0.016 in. (0.41 mm) for maximum crack width limit state as per the ACI Code (see Table 1 ).
4. Using Steps 1, 2 and 3, and applying a Monte Carlo simulation method, the statistical properties of the resistance ( p ., o) of the beam at each serviceability limit state are computed.
5. Statistical data on live loads are collected from available literature. Their statistics (µL , o) are determined. Similarly, the statistical properties of dead load (µD , 0 D ) are determined. 6. From Steps 4 and 5, the reliability index, /3, of the beam at each limit state is calculated using Eq. (8) .
A detailed description of the above procedure is given in Ref. 30 . The last three steps are clarified further in the following sections.
Limit States
"When a structure or structural element becomes unfit for its intended purpose it is said to have reached a limit state."16 Limit states are generally divided into two categories, ultimate limit states and serviceability limit states.
Ultimate limit states are related to a structural collapse of part or all of the structure. They are points that lie on the failure surface of the structure, such as ultimate moment, ultimate shear, ultimate ductility, etc. Serviceability limit states are related to disruption of the functional use of the structure, and/or its damage or deterioration during service. Examples include excessive cracking, leakage, and deflections which lead to abnormal maintenance and/or repair levels during service.
In this study the reliability of partially prestressed beams was evaluated at six serviceability limit states. They are summarized in Table 1 where the limitations used in the parametric analysis for each limit state are also given. These limitations are in accordance with the ACI Building Code, 32 or various ACI recommended practices. Also, in a limited number of cases and for comparative purposes the reliability index at ultimate flexural strength limit state was evaluated.
A note is in order here and is related to the manner in which the limit state fatigue was handled. Fatigue limit state can be classified either as: (1) an "ultimate limit state" because failure by fatigue results in the collapse of the member or (2) a "serviceability limit state" because it occurs during service loads and may have secondary effects on other serviceability limit states 'such as increases in crack widths, deflections and debonding. Here the second approach was used. The meaning of /3 in that case is clarified below in the section under "RESULTS."
Statistical Properties of Resistance
In general if a random variable can be expressed in function of other (basic) variables, its mean value and COV (coefficient of variation) can be estimated by expanding the function in a Taylor series about the mean values of the other (basic) variables, truncating higher order terms, and taking the expectations of that function. Thus, its mean and COV can be expressed in terms of the means and COV's of the basic variables which appear in the function.
This approximation is reasonably accurate, provided that the COV's of the basic variables are not too large and the equation is not highly nonlinear.11,13 However, the above approach could not be applied to compute the mean and the COV of the resistance of partially prestressed concrete beams at each serviceability limit state since the prediction equation of the resistance cannot be always expressed in closed form.
In this study, relationships between the resistance of partially prestressed beams at serviceability limit states and corresponding loading conditions were first developed and expressed in .terms of moments. The statistical properties of the basic variables present in these relationships were collected from available technical literature. 7,11, 13,20, 33 37 Selected properties used in the reliability analysis are summarized in Table  2 . A Monte Carlo simulation where values of the basic variables are selected at random was used to determine the mean and the coefficient of variation of the resistance. Each simulation comprised 200 iterations.
Since the coefficient of variation (SR)
of the resistance obtained from the Monte Carlo simulation fails to include sources (such as incomplete information, insufficient data, inaccuracy of prediction equations, etc.) that contribute to the total variability (ER ) of the re- Prediction errors assumed in this study are given in Table 3 . Two limits are shown for the limit states "crack width" and "additional long-term deflection" reflecting various experimental results analyzed. The total variabil- 
Statistical Properties of Loading
Loads can be considered random variables and are generally divided into two groups termed "dead load" and "live load."
The "dead load" comprises the weight of the structure itself and the weight of non-structural elements (often called superimposed dead load) attached to the structure such as partitions, curtain walls and the like. A number of studies have suggested values of mean and coefficient of variation of "dead load. " 11 , 12, 14,15,21 These are summarized in Ref. 30 .
In this study, however, a Monte Carlo simulation was used to generate from the basic random variables the statistics of the weight of the structure. A normal distribution with a coefficient of variation of 0.1 was assumed for the superimposed dead load, if any. In a treatment similar to that of the resistance, the mean µD and the coefficient of variation SD of dead load were obtained from the simulation; a prediction error ED = 0.1 was considered leading to a total coefficient of variation of dead load given by:
Live loads are generally associated with moving or movable loads such as occupants and furniture. The intensity of maximum live load depends on the type of occupancy, the tributary area and the projected service life of the structure. Live load intensity is in general measured as the equivalent uniformly distributed load which is the load that wiII produce the same load effect as the actual loads. were adopted in this study and led to the consideration of sixteen sets of values of (µL,(I,) depending on tributary areas and number of tenancies.
Parametric Analysis
In order to determine the reliability index /3 of partially prestressed concrete beams, the following input parameters were studied (see Table 5 and Fig. 2 ): Eight different beam cross sections that are representative of sections widely used by the precast prestressed concrete industry in the United States; for each beam three values of partial prestressing ratio (PPR) were explored, namely, PPR = 0 (corresponding to fully reinforced concrete), PPR = 1 (corresponding to fully prestressed concrete) and PPR = optimum (corresponding to partially prestressed concrete with one limit state binding?9 various span lengths and representative live loads were also considered. In all, 64 different beam designs were analyzed each for six different serviceability limit states. In some cases the reliability index at ultimate flexural strength limit state was also determined. A note is in order to understand the way in which the results of the parametric analysis were gathered.
In collecting from a multitude of source s,7.11,13,20,33.37 information on the mean and COV (coefficient of variation defined as v/µ) of the basic variables, it was generally found that a range between two extreme values could be identified for each variable. In this study a Monte Carlo simulation run of the resistance was used for each of the following six combinations of statistics of the variables: the lowest, mean and highest values of the mean, and the lowest and highest value of the COV.
These led for each beam and each limit state to six sets of values of mean (µ,) and coefficient of variation (a,,) of the resistance. In evaluating the reliability index /3, only the lowest and highest values of both µR and SIR were used leading essentially to four combinations of µR and d2R for each applied loading (µs and fl.).
The mean value (µs) and coefficient of variation ((l. ) of the load S were determined from corresponding statistics of dead load and live load as:
s (13) jig
where where v stands for standard deviation.
The statistics of dead load (µD , SID) were obtained from a Monte Carlo simulation in a treatment similar to that used for the resistance R (see preceding section). In evaluating µs , fl, and (3 four sets of (p.s , f1D ) were considered corresponding to the combination of lowest and highest µD with lowest and highest SZo. The intensity of maximum live load depends on the type of occupancy, the tributary area and the projected service life of the structure. To account for these parameters, the 16 different sets of values of (PL , SZL ) recommended in Ref. 12 were considered in evaluating µs and U. (Table 4) . Hence, in computing the mean and coefficient of variation of load (µs, 11, ․ ) from Eqs. (11-13), 64 combinations of dead and live load statistics (4 x 16 = 64) were considered for each beam and each limit state.
To evaluate the reliability index 13, the 64 combinations of statistics of load S were associated with the four combinations of statistics of resistance R. For each beam and each limit state, the minimum, maximum, and mean value of 13 were recorded. These were then averaged for all beams leading to an average minimum, average maximum, and average mean oft (Table 6) .
RESULTS
The results reported in Table 6 represent in a way, at each serviceability limit state, average ranges of reliability indexes /3 for the precast prestressed concrete industry as a whole, assuming the current ACI Code is used. They are plotted in Fig. 3 and compared to similar data generated for one beam (the example beam) at ultimate flexural strength limit state.
It can be observed that (1) serviceability limit states are on the average more critical than ultimate flexural strength limit states, and (3) on the average, among various serviceability limit states, fatigue in the steel (reinforcing on prestressing steel) is most critical.
While there is little ambiguity about the meaning of /3 at ultimate flexural stength limit state which implies failure or collapse, the meaning of /3 at serviceability limit states is more subtle. This is particularly true for fatigue since fatigue can be classified either as a serviceability limit state or as an ultimate limit state.
Let us consider, for instance, the average mean value of p = 1.548 obtained in Table 6 at the non-prestressed steel fatigue stress range limit state for which a code stress range limit of 20 ksi (138 MPa) was used. Assuming a normal distribution for the safety margin leads to a probability of 6 percent of exceeding the code limit each time the random variable live load is applied. As the code limit of 20 ksi (138 MPa) does not represent the real fatigue resistance of the steel material for 2 million cycles of load repetition (assumed representative of service life), the above probability does not necessarily imply failure during service life or 2 million cycles.
Let us assume that the non-prestressed steel fatigue stress range limit of 20 ksi (138 MPa) is changed to 30 ksi (207 MPa) to reflect the actual resistance of the material up to 2 million cycles. The corresponding mean value of /3 becomes 2.32 (see Ref. 30 ) and the probability of exceeding the stress range limit for each load application is about 1 percent; it also implies that there is a 1 percent chance of failure by fatigue of the steel during service -life or prior to 2 million cycles of load application.
Note that the values of /3 obtained at the three fatigue limit states (Table 6 and Fig. 3) are relatively low. This may be due to either one or a combination of the following causes: (1) fatigue is a critical design condition and should be controlled better, (2) the design limitations are too stringent, and (3) the quality control and workmanship associated with the influencing variables are poor.
To better focus on the value of /3 for a fatigue limit state, the COV of influencing variables can be reduced by improving their quality control and workmanship (such as achieved in the precast prestressed concrete industry) and the fatigue stress range limit can be relaxed to reflect actual experimental data instead of a code limitation.
Reaching a serviceability limit state does not imply collapse of the structure; however, it may lead to "extensive damage" and for all practical purposes "failure." For instance, exceeding the maximum allowable crack width in a liquid retaining structure may lead to extensive leakage and practically failure of the structure to perform the service it is intended for. Similarly, exceeding an allowable deflection does not lead to the collapse of a beam but may lead to the failure of non-structural elements attached to it. Hence, the meaning of reliability at any serviceability limit state should be examined with the proper perspective.
Typical results of the variation of the reliability index a with each of the parameters studied (PPR, span length, 
CONCLUSIONS
The following conclusions were made (see Ref 30) in relation to the reliability index /3 of partially prestressed beams; note that not all these conclusions are supported in the figures of this paper. ability of rectangular beams (or oneway slabs) is generally greater than the probability of failure or unserviceability of typical T-beams (Fig. 4) . 3. For typical T-beams and for rectangular beams, the p values at "additional long-term deflection" limit state decreases substantially when the partial prestressing ratio (PPR) decreases. Smaller variations in the f3 values are observed at other limit states (Fig. 4) .
4. For hollow-core slabs, the /3 values at both "additional long-term deflection" limit state and "maximum crack width" limit state decrease substantially when PPR decreases. 5. Everything else being equal, it appears that when the span length increases, the /3 values increase at the "maximum crack width," "non-prestressed steel fatigue stress range" and "prestressing steel fatigue stress range," limit states and decrease at the "concrete fatigue stress range," "im- mediate live load deflection" and "ad-PPR) and the corresponding probability ditional long-term deflection" limit of failure assuming a normal distribustates (Figs. 5 and 6 ). tion for the safety margin are (see Table  6 . Everything else being equal, it 6), respectively, 4.11 and 2 x 10-g at appears that when the nominal live "maximum crack width" limit state; load increases, the /6 values increase at 2.65 and 400 x 10-5 at "concrete fatigue "maximum crack width" and "pre-stress range"; 1.55 and 6100 x 10-5 at stressing steel fatigue stress range" "non-prestressed steel fatigue stress limit states and decrease at "concrete range" limit state; 2.41 and 800 x 10-5 at fatigue stress range" and "additional "prestressing steel fatigue stress range" long-term deflection" limit states (Fig. limit state; 4.73 and 0.1 x 10-5 at "im-7). mediate live load deflection" limit 7. The average /3 values for all par-state; and 2.77 and 280 x 10-5 at "additially prestressed beams (at optimum tional long-term deflection" limit state. PCI JOURNAL/November-December 1982
8. Serviceability limit states in reinforced, prestressed and partially prestressed concrete beams are more critical than their ultimate flexural strength limit state. Violating serviceability limit states generally leads to abnormal maintenance and repair levels during service and may lead, for all practical purposes, to failure.
It is finally observed that reliabilitybased design (Level II approach) can be successfully applied to prestressed and partially prestressed concrete beams provided an appropriate reliability index, /3, is recommended by the code for each limit state and provided the mean and the COV values of resistance and loads are known.
RECOMMENDATIONS FOR FURTHER STUDY
The limitations at various serviceability limit states used in this investigation were taken from the 1977 ACI Code. In general, these limitations are lower bound values to actual data. It appears that a more accurate estimate of reliability at these limit states would be achieved if actual data were used instead of code limitations.
There is a need to develop a method to incorporate in the reliability analysis the often great uncertainty associated with a prediction equation. This is particularly true for crack width and long-term deflection.
In the analysis of stresses static short-term loading was assumed. The effect of time on redistribution of stresses was not considered. Substantial changes in stresses and crack widths occur when creep and shrinkage of concrete are considered in the analysis of the section.
There is a need to develop a procedure where the cumulative damage due to fatigue under the repetitive application of random levels of live loads can be accounted for in the reliability analysis. Such cumulative damage should affect not only the fatigue life of the materials involved but also other serviceability limit states such as crack widths, debonding and deflection.
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APPENDIX -NOTATION
= distance from draping point of steel profile to support area of prestressing steel in tension zone = area of non-prestressed tension reinforcement = width of upper flange of a flanged member = web width of flanged member = lower flange width of a flanged member = coefficient associated with modulus of elasticity of concrete (see Table 2 ) = coefficient associated with compressive strength of concrete at transfer (Table 2) = coefficient associated with modulus of rupture of concrete (see Table 2 ) = coefficient associated with effective prestress in steel (see Table 2 ) = coefficient associated with initial prestress = coefficient of variation = distance from extreme compression fiber to centroid of prestressing steel = distance from extreme compression fiber to centroid of non-prestressed tension reinforcement = depth of area of concrete tensile zone associated with crack width prediction equation = dead load = eccentricity of prestressing force with respect to centroid of section at midspan = eccentricity of prestressing force with respect to centroid of section at supports = modulus of elasticity of concrete = modulus of elasticity of prestressing steel = modulus of elasticity of nonprestressed tension steel 
